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FROBENIUS SPLIT ANTICANONICAL DIVISORS
SA´NDOR J KOVA´CS
Dedicated to Emma Previato on the occasion of her 65th birthday
Abstract. In this note I extend two theorems of Sommese regarding abelian varieties to
arbitrary characteristic; that an abelian variety cannot be an ample divisor in a smooth
projective variety and that a cone over an abelian variety of dimension at least two is not
smoothable.
1. Introduction
The main goal of this note is to extend to arbitrary characteristic two theorems of Sommese
regarding abelian varieties; that an abelian variety cannot be an ample divisor in a smooth
projective variety [Som76] and that a cone over an abelian variety of dimension at least two
is not smoothable [Som79]. Note that the latter statement has already been extended to
arbitrary characteristic in [KK18], but the proof given here is different and arguably more
direct. I give a new proof and a slightly stronger version of both results of Sommese already
in the characteristic zero case. The main technical ingredient in positive characteristic is a
sort of lifting theorem (for the definition of F -split see Definition 5):
Theorem 1 (cf. Corollary 14). Let X be a smooth projective variety over an algebraically
closed field k of char k > 0 and D ⊆ X an effective anti-canonical divisor, i.e., such that
ωX ≃ OX(−D). If D is F -split then so is X.
This in turn is used to prove the vanishing of several cohomology groups:
Theorem 2 (cf. Theorem 16). Let X be a smooth projective variety over an algebraically closed
field k of char k > 0 and D ⊆ X an effective ample divisor such that ωD ≃ OD. If D is
F -split and dimX ≥ 3, then
(i) H i(X,OX) = 0 for i > 0, and
(ii) Hj(D,OD) = 0 for 0 < j < dimD.
Remark 3. See Corollary 14 and Theorem 16 for stronger versions of these statements.
Finally, these vanishing results and Kawamata-Viehweg vanishing [Kaw82, Vie82] in charac-
teristic zero are used to prove characteristic independent versions of Sommese’s theorems in
Corollary 18 and Corollary 23.
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2. Frobenius splitting and vanishing
The following notation will be used throughout the article.
Notation 4. Let k be an algebraically closed field and X a scheme over k. If char k = p > 0
then let F : X → X denote the (absolute) Frobenius morphism. Recall that F is the identity
on the underlying space X and its comorphism on the sheaf of regular functions is the pth
power map: OX → F∗OX given by f 7→ f
p.
Definition 5. A scheme X over k of char k > 0 is called Frobenius split or F -split if the natural
morphism η : OX → F∗OX has a left inverse, i.e., ∃η
′ : F∗OX → OX such that η
′ ◦ η = idOX .
It was proved in [MR85, Prop. 2] that Kodaira vanishing [Kod53] holds on smooth projective
F -split varieties. In fact, Mehta-Ramanathan’s proof works in a slightly more general setting:
Theorem 6 (Mehta-Ramanathan). Let X be an equidimensional projective Cohen-Macaulay
scheme over k of char k > 0 and let L be an ample line bundle on X. If X is F -split, then
Hj(X,L −1) = 0
for j < dimX.
Proof. This follows directly from Serre duality [Har77, 7.6(b)] and [MR85, Prop. 1]. 
The proof of the following simple lemma uses the usual trick of obtaining a more precise
vanishing statement from Serre vanishing and surjective maps.
Lemma 7. Let X be an equidimensional projective Cohen-Macaulay scheme over k (of ar-
bitrary characteristic) and D ⊆ X an effective, ample Cartier divisor. Fix an m0 ∈ Z
and a j ∈ N such that j < dimX and let E be a locally free sheaf on X. Assume that
Hj(D, (E (−mD))|D
) = 0 for each m ≥ m0. Then H
j(X, E (−mD)) = 0 for each m ≥ m0.
Proof. Consider the following short exact sequence:
0 // E (−(m+ 1)D) // E (−mD) // (E (−mD))|D
// 0.
It follows from the assumption that the induced morphism
Hj(X, E (−(m+ 1)D)) // // Hj(X, E (−mD))
is surjective for each m ≥ m0. By iterating this step we obtain that the induced morphism
Hj(X, E (−(m+ l)D)) // // Hj(X, E (−mD))
is surjective for any l ∈ N. However, Hj(X, E (−(m + l)D)) = 0 for l ≫ 0 by Serre duality
[Har77, 7.6(b)] which implies the desired statement. 
Corollary 8. Let X be an equidimensional projective Gorenstein scheme over k and D ⊆ X
an effective, ample Cartier divisor such that ωD ≃ OD. Assume that if char k > 0 then D is
F -split and if char k = 0 then X has rational singularities. Then
Hj(X,ωX(−mD)) = 0
for j < dimX − 1 and each m ∈ N.
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Proof. First note that by the adjunction formula the assumption implies that ωX(D)|D
≃ OD.
Fix a j < dimX − 1 = dimD. Then
Hj(D,ωX(−mD)|D) ≃ H
j(D, (ωX(D)⊗ OX(−(m+ 1)D)) |D) ≃
≃ Hj(D,OD(−(m+ 1)D|D)) = 0
for each m ∈ N by Kawamata-Viehweg vanishing [Kaw82, Vie82] in case char k = 0 and by
Theorem 6 if char k > 0. Hence the statement follows from Lemma 7 by taking E = ωX and
m0 = 0. 
Theorem 9. Let X be an equidimensional projective Gorenstein scheme over k and D ⊆ X
an effective, ample Cartier divisor such that ωD ≃ OD. Assume that dimX ≥ 3 and if
char k > 0 then assume further that D is F -split. Then ωX ≃ OX(−D).
Proof. Consider the following short exact sequence:
0 // ωX // ωX(D) // ωD ≃ OD // 0.
Observe that Hj(X,ωX) = 0 for j < dimX − 1 by Corollary 8. In particular this holds for
j = 1, i.e., H1(X,ωX) = 0, and so the induced morphism
H0(X,ωX(D)) // // H
0(D,ωD) ≃ H
0(D,OD)
is surjective. It follows that there exists a section 0 6= s ∈ H0(X,ωX(D)) such that
(s = 0) ∩ D = ∅. Because D is ample, this implies that (s = 0) = ∅ and hence that
ωX(D) ≃ OX . This proves the statement. 
3. Lifting Frobenius splittings
The following is a simple criterion for Frobenius splitting, probably well-known to experts.
A proof is included for the convenience of the reader.
Proposition 10. Let X be a projective Cohen-Macaulay scheme of equidimension n over k of
char k > 0. Then X is F -split if and only if there exists a morphism σ : ωX → F∗ωX such
that the induced morphism
Hn(σ) : Hn(X,ωX)
6=0
// Hn(X,F∗ωX)
is non-zero. Any morphism σ satisfying the above criterion will be a called a dual splitting
morphism of X.
Remark 11. Note that an important feature of this criterion is that there is no assumption
of functoriality or any other constraints on σ, only that Hn(σ) 6= 0.
Proof. If X is F -split, then letting σ be the Grothendieck dual of the splitting morphism
η′ : F∗OX → OX given by the definition shows the “only if” part of the claim.
To show the other direction, first notice that since both Hn(X,ωX) and H
n(X,F∗ωX) are
1-dimensional, the assumption is equivalent to saying that Hn(σ) is an isomorphism.
Next observe that by Serre duality the morphism
Hn(τ) : Hn(X,F∗ωX)→ H
n(X,ωX)
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induced by the Grothendieck trace map τ : F∗ωX → ωX is also non-zero, and again, since
both Hn(X,ωX) and H
n(X,F∗ωX) are 1-dimensional, it is an isomorphism.
It follows that the composition τ ◦ σ : ωX → ωX , which factors through F∗ωX , induces
an isomorphism on Hn(X,ωX). In particular, τ ◦ σ 6= 0. Now let η : OX → F∗OX be
the comorphism of the Frobenius, which is of course the Grothendieck dual of τ and let
η′ : F∗OX → OX be the Grothendieck dual of σ. Then we see that η
′ ◦ η : OX → OX cannot
be zero, since otherwise so would be its Grothendieck dual, τ ◦ σ. However, if η′ ◦ η 6= 0,
then it must be an isomorphism. Replacing η′ with itself composed with the inverse of this
isomorphism we obtain that X is F -split. 
Definition 12. Let X be an equidimensional projective Cohen-Macaulay scheme over k of
char k > 0 and D ⊆ X a non-empty effective Cartier divisor. Assume that D is F -split and
let α : ωX(D)→ ωD denote the adjunction morphism. Then we have the following diagram:
(12.1)
ωX(D)
? λ

α
// ωD
σ

F∗ (ωX(D))
F∗α
// F∗ωD.
Here σ : ωD → F∗ωD is a dual splitting morphism of D provided by Proposition 10. Note that
the morphism λ does not always exist. If a morphism λ making the diagram commutative
does exist then we will say that the dual splitting morphism σ can be lifted to X .
Theorem 13. Let X be an equidimensional projective Cohen-Macaulay scheme over k of
char k > 0 and D ⊆ X an effective (non-empty) Cartier divisor. Assume that D is F -split
and that σ : ωD → F∗ωD, a dual splitting morphism of D, can be lifted to X (cf. Definition 12).
Then X is also F -split.
Proof. I will use the notation of Definition 12. Let λ : ωX(D) → F∗ (ωX(D)) be a lifting
of σ, i.e., such that λ completes (12.1) to a commutative diagram. Note that kerα ≃ ωX
and hence setting σX : = λ|ωX we have the following commutative diagram of short exact
sequences:
0 // ωX
σX

// ωX(D) //
λ

ωD //
σ

0
0 // F∗ωX // F∗ (ωX(D)) // F∗ωD // 0.
Let n := dimX and consider the induced diagram of long exact sequences of cohomology:
. . . // Hn−1(D,ωD)
Hn−1(σ)

// Hn(X,ωX)
Hn(σX )

// Hn(X,ωX(D))
. . . // Hn−1(D,F∗ωD) // H
n(X,F∗ωX) // H
n(X,F∗ (ωX(D)))
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Observe that Hn(X,F∗ (ωX(D))) ≃ H
n(X,ωX(D)) = 0 by Serre duality and hence we have
a commutative square where the horizontal maps are isomorphisms:
Hn−1(D,ωD)
Hn−1(σ)

≃
// Hn(X,ωX)
Hn(σX)

Hn−1(D,F∗ωD)
≃
// Hn(X,F∗ωX).
This implies that Hn(σX) 6= 0, hence X is F -split by Proposition 10. 
Corollary 14. Let X be an equidimensional projective Gorenstein scheme over k of char k > 0
and D ⊆ X an effective (non-empty) anti-canonical divisor, i.e., such that ωX ≃ OX(−D).
If D is F -split then so is X.
Proof. Since D is an anti-canonical divisor it follows that ωX(D) ≃ OX and ωD ≃ OD, so
the adjunction short exact sequence
0 // ωX // ωX(D) // ωD // 0
becomes
0 // OX(−D) // OX // OD // 0
If D is F -split, then the natural morphism ηD : OD → F∗OD splits and hence H
n(ηD) 6= 0. In
other words, ηD is a dual splitting morphism of D. The natural morphism ηX : OX → F∗OX
is a lifting of ηD to X and hence X is F -split by Theorem 13. 
Corollary 15. Let X be an equidimensional projective Gorenstein scheme over k of char k > 0
and D ⊆ X an effective (non-empty) anti-canonical divisor, i.e., such that ωX ≃ OX(−D).
If D is F -split then Kodaira vanishing holds on X, i.e., for any ample line bundle L on X,
Hj(X,L −1) = 0
for j < dimX.
Proof. This is a direct consequence of Corollary 14 and Theorem 6. 
4. Frobenius split anti-canonical divisors on Fano varieties
We are now ready to prove the main result.
Theorem 16. Let X be an equidimensional projective Gorenstein scheme over k and D ⊆ X
an effective, ample Cartier divisor such that ωD ≃ OD. Assume that dimX ≥ 3 and also
that if char k > 0 then D is F -split and if char k = 0 then X has rational singularities. Then
(i) if char k > 0 then X is F -split,
(ii) Kodaira vanishing holds on X,
(iii) ωX ≃ OX(−D),
(iv) H i(X,OX) = 0 for i > 0, and
(v) Hj(D,OD) = 0 for 0 < j < dimD.
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Proof. Theorem 9 implies (iii), which combined with Corollary 14 implies (i) and if char k > 0
then that combined with Theorem 6 implies (ii). Of course, if char k = 0 then (ii) is well-
known by Kawamata-Viehweg vanishing [Kaw82, Vie82]. Since OX ≃ ωX ⊗ OX(D) and D is
ample, Serre duality and (ii) implies (iv). Finally, consider the short exact sequence,
0 // OX(−D) // OX // OD // 0.
As Hj(X,OX(−D)) = 0 for j < dimX by (ii), (v) follows from (iv). 
As a consequence of Theorem 16 we will obtain the generalization of the main result of
[Som76] to ordinary abelian varieties in positive characteristic promised in the introduction.
Note that by [MS87, 1.1] an abelian variety is ordinary if and only if it is F -split. In particular,
the methods of this paper do not say anything about what happens for non-ordinary abelian
varieties.
For the definition of ordinary varieties in general the reader is referred to [BK86] although
the definition of ordinariness will not be used directly. We will only use the following prop-
erties, proved respectively by Illusie [Ill90], and Joshi and Rajan [JR03].
Proposition 17. Let Z be an ordinary smooth projective variety over a field k of positive
characteristic. Then
(i) [Ill90, Prop. 1.2] any small deformation of Z is also ordinary, and
(ii) [JR03, Prop. 3.1] if in addition ωZ ≃ OZ, then Z is F -split.
Corollary 18. Let A be an abelian variety of dimension at least 2 over k. If char k > 0
assume that A is ordinary. Suppose A is an ample divisor on X. Then X cannot be an
equidimensional projective Gorenstein scheme if char k > 0 and an equidimensional projective
Gorenstein scheme with only rational singularities if char k = 0.
Proof. If char k > 0 then A is F -split by [MS87, 1.1] or Proposition 17(ii). By the dimension
assumption H1(A,OA) 6= 0 and hence the statement follows from Theorem 16(v). 
Remark 19. If char k = 0, essentially the same statement as Corollary 18 was proved in
[Som76]. However, the proof given here is quite different even in the char k = 0 case. In
particular, [Som76] relied on topological arguments and it only stated that A could not be
an ample divisor on a smooth projective variety.
5. Non-smoothable singularities
In this section I prove Sommese’s second theorem which is an application of Theorem 16
showing that certain singularities are not smoothable.
Next recall that the Betti numbers of smooth projective varieties are defined as the di-
mension of ℓ-adic cohomology groups, i.e., let Z be a smooth projective variety over k and
let ℓ be a prime different from char k. Then bi(Z) := dimH
i
e´t(Z,Qℓ). Note that this defini-
tion is valid in all characteristics. In characteristic zero these numbers are the same as the
dimension of singular cohomology groups of the underlying topological space of Z, which is
the more common definition in this case.
The following lemma is folklore. For the reader’s convenience a proof is provided. It also
follows from various stronger statements which we will not need here.
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Lemma 20. Let Z be a smooth projective variety over an algebraically closed field k. If
b1(Z) 6= 0 then H
1(Z,OZ) 6= 0.
Proof. If b1(Z) 6= 0 then by the expression of e´tale cohomology as a limit implies that there
are arbitrarily high order torsion elements in PicZ (cf. [Tam94, 4.4.4]). It follows that then
Pic◦ Z cannot be finite by the Theorem of the Base [Sev34, Ne´r52]. Hence Pic◦ Z is positive
dimensional and then so is H1(Z,OZ) = T[OZ ] Pic
◦ Z. 
I will use the notion of smoothability used in [Som79] and [Har74]. This is slightly more
restrictive than the one used in [KK18].
Definition 21 cf. [Har74, Som79]). For a morphism f : X → T and t ∈ T , the fibre of f over
t will be denoted by Xt = f
−1(t). Let X be a closed subscheme of a scheme P over an
algebraically closed field k. A deformation of X in P is a morphism (f : X → T ) where
(i) T is a connected positive dimensional scheme of finite type over k,
(ii) X ⊆ P × T is a closed subscheme which is flat over T ,
(iii) there exists a closed point 0 ∈ T , such that X0 ≃ X , and
(iv) f is the restriction of the projection morphism P × T → T to X .
A deformation (f : X → T ) of X in P will be called a Gorenstein deformation if for all
t ∈ T , t 6= 0, the fibre Xt is Gorenstein. It will be called a smooth deformation if for all
t ∈ T , t 6= 0, the fibre Xt is smooth over k(t). In this latter case we also say that X is
smoothable in P .
A somewhat weaker statement than the following was proved in [Som79, 2.1.1] in char-
acteristic zero and a somewhat more general statement, as a consequence of much deeper
results, was established in [KK18, Cor. 8.7] in all characteristics.
Theorem 22. Let X ⊆ Pn be a projective variety over an algebraically closed field k and let
H ⊆ Pn be a hypersurface such that Z = X ∩ H is smooth, dimZ > 1, ωZ ≃ OZ, and
b1(Z) 6= 0 (e.g., Z is an abelian variety of dimension at least 2). Further assume that if
char k > 0 then Z is ordinary. Let (f : X → T ) be a deformation of X in Pn and assume
that if char k = 0 then Xt has rational singularities for t 6= 0. Then there exists a non-
empty open neighbourhood 0 ∈ U ⊆ T such that Xt has isolated non-Gorenstein singularities
for every t ∈ U . Consequently X does not admit a Gorenstein deformation in Pn and in
particular, it is not smoothable in Pn.
Proof. Observe that there exists a non-empty open set 0 ∈ U ⊆ T such that Xt has the same
properties as X = X0, that is, there exists a hypersurface Ht ⊆ P
n such that Zt = Xt ∩Ht
is smooth, dimZt > 1, ωZt ≃ OZt, and b1(Zt) 6= 0. We may also assume that if char k > 0
then Zt is ordinary by Proposition 17(i) and note that if char k = 0 then Xt has rational
singularities for t 6= 0 by assumption.
It follows that Zt is F -split by Proposition 17(ii) and H
1(Zt,OZt) 6= 0 by Lemma 20 and
hence Xt is not Gorenstein by Theorem 16(v).
On the other hand, as a hypersurface section of Xt is smooth, its singular set must be
zero-dimensional and hence Xt must have isolated non-Gorenstein singularities. 
Finally, this implies the following:
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Corollary 23. Let A ⊆ Pn−1 be an abelian variety of dimension at least 2 over k and let X
denote the cone over A in Pn. If char k > 0 further assume that A is ordinary. Then X is
not smoothable in Pn.
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